We provide non-trivial checks of N = 4, D = 3 mirror symmetry in a large class of quiver gauge theories whose Type IIB (Hanany-Witten) descriptions involve D3 branes ending on orbifold/orientifold 5-planes at the boundary. From the M-theory perspective, such theories can be understood in terms of coincident M2 branes sitting at the origin of a product of an A-type and a D-type ALE (Asymtotically Locally Euclidean) space with G-fluxes. Families of mirror dual pairs, which arise in this fashion, can be labeled as (A m−1 , D n ), where m and n are integers. For a large subset of such infinite families of dual theories, corresponding to generic values of n ≥ 4, arbitrary ranks of the gauge groups and varying m, we test the conjectured duality by proving the precise equality of the S 3 partition functions for dual gauge theories in the IR as functions of masses and FI parameters. The mirror map for a given pair of mirror dual theories can be read off at the end of this computation and we explicitly present these for the aforementioned examples. The computation uses non-trivial identities of hyperbolic functions including certain generalizations of Cauchy determinant identity and Schur's Pfaffian identity, which are discussed in the paper.
Introduction and Main Results
Localization techniques in supersymmetric/superconformal field theories in D ≤ 6 dimensions have emerged as an extremely efficient toolbox for non-perturbative/exact computation of various supersymmetric observables. For a large class of supersymmetric gauge theories, localization on a compact manifold reduces supersymmetric observables (partition function, Wilson loops, superconformal indices etc.) to fairly simple finite dimensional matrix integrals.
Following the initial examples involving N = 2 theories on four and three dimensional spheres [1, 2] , a systematic framework for the computation was presented in [3] . This progress has led to a unique opportunity to directly test various conjectured dualities for D ≤ 6-dimensional field theories by computing and matching appropriate field theory observables on both sides of the duality. For example, a large class of dualities for N ≥ 2 theories in three dimensions, including various cases of mirror symmetry and Seiberg duality, has been studied in recent times in this fashion [4, 5] .
In this note, we are concerned with N = 4 mirror symmetry [6, 7] in three dimensions for a certain class of "elliptic" quivers, which we will specify presently. Mirror symmetry for a large class of quiver gauge theories can be understood in terms of coincident M2 branes sitting at the singularity of a product of two ALE (Asymptotically Locally Euclidean) spaces with certain G-fluxes turned on [8, 9] . From the ADE classification of ALE spaces, families of mirror dual theories can be labeled as (Γ 1 , Γ 2 ) (see the discussion in §2) where Γ 1,2 are finite subgroups of SU (2) associated to the orbifold limits of the respective ALE spaces. A complete classification of the infinite families of dual theories arising from A and D type ALE spaces was obtained in [9] . A particularly interesting feature of these supersymmetric gauge theories is that their Higgs branches can be identified with the moduli spaces of instantons on ALE spaces of A and D type obtained via the ADHM construction. The theories corresponding to (Γ 1 = Z m , Γ 2 = Z n ) (∀m, n) in the aforementioned M-theory picture have been analyzed in detail in [6, 7] as prototypes of three dimensional mirror symmetry. Discussions of the Type IIB realization of theories corresponding to (Γ 1 = Z n , Γ 2 = D m )(m ≥ 4) and (Γ 1 = D m , Γ 2 = D n )(n ≥ 4) can be found in [10, 11] .
Our focus, in this paper, will be the category of dual theories labeled as (Γ 1 = Z n , Γ 2 = D m )(m ≥ 4) -generic examples of which are shown in figures 1 and 2, for even and odd m(> 2) respectively. In addition to NS5 and D5 branes, Type IIB realizations of these theories involve D3 branes ending on orbifold/orientifold 5-planes [10, 11] .
The central theme of this paper is to perform some extremely non-trivial checks of mirror symmetry for the aforementioned class of theories. The strategy, outlined first in [5] , is to compute the S 3 partition functions for a given dual pair as functions of the independent mass and FI parameters of the respective theories and prove that they are exactly equal to each other, provided parameters on side of the duality are related to parameters on the other side by a certain linear map -known as the "mirror map". The precise linear map which relate masses and FI parameters of a given theory with the FI parameters and masses respectively in the dual theory is read off at the end of the computation. The main result of this work is the derivation of these mirror maps for the various examples of (Γ 1 = Z m , Γ 2 = D n )(n ≥ 4)-type dual theories for generic values of n ≥ 4 and arbitrary rank of the gauge group, as we vary the order of the A-type singularity.
As mentioned above, S 3 partition functions were first used to study mirror symmetry in [5] for quiver gauge theories corresponding to (Γ 1 = Z m , Γ 2 = Z n ). The two key ingredients required for appropriately manipulating the partition functions in this case were the Fourier transform of the hyperbolic secant and Cauchy's determinant identity: 
These two identities allowed one to write the matrix integral as a product of NS5 and D5 contributions, which in turn made the action of IIB S-duality (and therefore of 3D mirror symmetry) on the integrand obvious. For theories whose Type IIB descriptions involve boundary orbifold/orientifold 5-planes, one needs a further set of important identities to be able to prove the equality of partition functions of dual theories. One of the essential ingredients is the Fourier transform of hyperbolic cosecant: e 2πixz sinh πz dx = i tanh πx
Another important identity is a slight variant of Cauchy's determinant identity, which we may call Cauchy's hyperbolic sine identity: 
Finally, the most important identity for analyzing this class of theories is obtained (see Appendix A.1) from a certain generalization of Schur's Pfaffian identity [12] :
where ρ denotes the set of all permutations of the integers {1, 2, ...., k, k + 1, ..., 2k − 1, 2k} with p, l = 1, 2, .., 2k and i, j = 1, 2, ..., k. The constant κ depends on k : κ = 1 for even k = 4m and odd k = 4m + 1 (m = 1, 2, 3, ...) and κ = −1 otherwise.
The paper is organized as follows: §2 briefly describes the M-theory interpretation of N = 4 mirror symmetry in three dimensional quiver gauge theories. §3 summarizes the rules for constructing the matrix integral corresponding to the partition function of any N = 4 theory for a given gauge group and a given matter content. §4-7 deal with the computation of partition functions for dual theories and deriving the corresponding mirror maps. §4 discusses the family of dual theories labeled by Γ 1 = Z 1 , Γ 2 = D n . §5 describes the different cases corresponding to Γ 1 = Z 2 , Γ 2 = D n . There are four infinite families of mirror dual theories in this category which are labeled by the manifest flavor symmetry groups of the A and B model quiver diagrams -G A f lavor and G B f lavor . Finally, §6 and §7 present examples of theories in the category Γ 1 = Z m , Γ 2 = D n , with generic m > 2, where m is even and odd respectively.
The Appendix summarizes (and occasionally proves) the important identities required at various stages of the computation. 
M-theory Description of Mirror Symmetry
In this section, we discuss briefly the M-theory description of mirror symmetry in N = 4 theories in three dimensions. Consider a solution of 11D supergravity with the following geometry, M = R 2,1 × ALE 1 × ALE 2 , where ALE is an "Asymptotically Locally Euclidean" space -a smooth hyper-Kahler resolution of an orbifold singularity of the form C 2 /Γ (Γ being a finite subgroup of SU (2)). The ALE spaces have a well-known A-D-E classification, which is related to the A-D-E classification of the discrete subgroups of SU (2) appearing in the orbifold limit of these spaces. In what follows, we will restrict ourselves to A and D type ALE spaces, which can be further deformed to "Asymptotically Locally Flat" or ALF spaces. The ALF spaces are four-dimensional hyper-Kahler manifolds, locally asymptotic to R 3 × S 1 at infinity. For example, let us review a simpler version of the aforementioned 11D background, namely, M = R 2,1 × C 2 × ALE, where the ALE space has an A n−1 singularity, i.e. this ALE space is the hyper-Kahler resolution of the orbifold singularity C 2 /Z n .The ALE metric can be explicitly written as follows:
where
On compactifying the coordinate x 11 as x 11 ∼ = x 11 + 2πg s √ α and deforming H → H such that
with g
, one obtains a muti-centered Taub-Nut space, which is locally asymptotic to R 3 × S 1 at infinity (and hence "asymptotically locally flat"). At a generic point, the manifold is circle bundle over R 3 and at the centers of the Taub-Nut r = r i the circle fiber shrinks to zero radius. Note that the deformed background approaches the original background in the limit g YM → ∞.
This deformed M-theory background can be understood as the M-theory lift of a Type IIA supergravity background of n D6 branes at transverse positions r i , wrapping the C 2 . In addition, if we have k M 2 branes wrapping the R 2,1 in the M-theory picture, then these become k D2 probe branes in the IIA picture. This Type IIA background preserves 8 real supercharges and as a result the world-volume gauge theory on the D2 branes has N = 4 supersymmetry. The gauge couplings are all proportional to g YM as defined above.
One can similarly deform a D-type ALE to an ALF -the corresponding space turns out to be a generalization of the Atiyah-Hitchin space [13] , which appears as the resolution of the orbifold singularity C 2 /D n . The resulting Type IIA background consists of n D6 branes at transverse positions r i parallel to an O6 plane which wraps the C 2 . Now, consider the manifold we are interested in, namely, M : R 2,1 × ALE 1 × ALE 2 , for the special case in which the ALE spaces are associated with A n−1 and A m−1 singularities respectively. Deforming ALE 1 → ALF 1 , the resulting M-theory background M : R 2,1 × ALF 1 × ALE 2 can easily be seen to correspond to a Type IIA background with n D6 branes wrapping ALE 2 . The k M2 branes become k D2 branes in the Type IIA picture. The threedimensional world-volume gauge theory given by the spectrum of D2-D2 and D2-D6 open strings is an A m−1 quiver gauge theory with n fundamental hypers associated with one of the m U (k) gauge groups. The gauge couplings are proportional to g YM which, in turn, is proportional to the radius of the circle fiber for ALF 1 at infinity (equation (7)).
One can alternatively consider the deformed M-theory background M : R 2,1 × ALE 1 × ALF 2 , which leads to a Type IIA background with m D6 branes wrapping ALE 1 . The threedimensional world-volume gauge theory on the D2 branes, in this case, is an A n−1 quiver gauge theory with m fundamental hypers associated with one of the n U (k) gauge groups. The gauge couplings are proportional to g Y M which is proportional to the radius of the circle fiber for ALF 2 at infinity.
In the IR limit, when g YM , g YM → ∞, the two quiver gauge theories, in question, are described by the same M-theory background M : R 2,1 × ALE 1 × ALE 2 and therefore have equivalent IR dynamics. The exchange of hypermultiplet masses and FI parameters can also be clearly seen. In the A-model (obtained by deforming ALE 1 to ALF 1 ), the parameters r In the B-model, their roles are reversed. The M-theory background also has G-fluxes, which determine the flavor symmetries of gauge theories on both sides of the duality. G-fluxes in backgrounds with only A-type ALE spaces have been discussed in [9] . The related Type IIA/IIB picture has been discussed in detail in [14] .
The M-theory interpretation of mirror symmetry provides a neat way to catalogue a large class of mirror dual quiver gauge theories in terms of singularities appearing in the orbifold limit of the ALE spaces. A generic M-theory background M : R 2,1 × ALE 1 × ALE 2 reduces to the orbifold R 2,1 × C 2 /Γ 1 × C 2 /Γ 2 in this limit, with the G-fluxes collapsing at the Γ 1 × Γ 2 singularity . Therefore, one can classify mirror duals in terms of the different choices for Γ 1 and Γ 2 , restricting to A and D type of singularities only. A complete catalogue of theories that can be generated in this fashion, was presented in [9] . For the rest of this paper, we will focus on theories which arise from the aforementioned M-theory background with Γ 1 = D n (n ≥ 4) and Γ 2 = Z m .
S 3 Partition Function for a YM-Matter Theory: Building Blocks
In [5, 2] , the rules for computing supersymmetric observables like the partition function for N ≥ 2 Chern Simmons-Yang Mills -Matter theories on S 3 were derived using localization on the Coulomb branch. As explained in [2] , the zero locus of the localizing functional requires all bosonic fields in the matter hypermultiplets to vanish. For the vector multiplets, the only non-vanishing fields are the adjoint scalar σ and the auxiliary field D of the N = 2 vector multiplet (which is part of the N = 4 vector multiplet), such that σ = −D = σ 0 , where σ 0 is a constant on S 3 . One can gauge-fix σ 0 to an element of the Cartan sub-algebra of the gauge group, introducing a Vandermonde determinant for each factor in the gauge group into the integration measure of the path-integral.
The localized path integral, therefore, can be written as a finite dimensional matrix integral over a single matrix variable σ 0 , while the integrand consists of contributions from the classical action as well as the fluctuation determinant around the zero locus, i.e.
For an N = 4 theory with no CS terms, the classical and 1-loop contributions for the gauge and matter fields can be summarized as follows [5] :
Classical Action: For the N = 4 theories with no CS terms, S cl [σ 0 ] contributes a term linear in σ 0 :
• S FI cl = 2πiηT r(σ 0 ) for every U (1) factor in the gauge group, with η being the corresponding FI parameter.
1-loop Determinant:
• Each N = 4 vector multiplet contributes
where the product extends over all the roots of the Lie algebra of G. The Vandermonte factor in the measure exactly cancels with the denominator of the 1-loop contribution of the vector multiplet for each factor in the gauge group.
• Each N = 4 hypermultiplet contributes
where the product extends over all the weights of the representation R of the gauge group G and m is a real mass parameter.
Finally, the integrand obtained from the above set of rules has to be divided by the order of the Weyl group to account for the residual gauge symmetry. The above rules completely specify the partition function on S 3 for any N = 4 gauge theory in three dimensions with a given gauge group and a given matter content in some representation(s) of the gauge group (with the same set of restrictions as noted in [5] ).
In the following sections, we perform a non-trivial check of mirror symmetry for dual theories arising from the M-theory background described in the previous section with Γ 1 = D n (with n ≥ 4) and Γ 2 = Z m , by computing partition functions of the dual theories and showing that they agree as functions of masses and FI parameters. This naturally implies that the masses and FI parameters on one side respectively map onto FI parameters and masses on the other side. These maps, usually referred to as "mirror maps", have been explicitly computed in each case.
We start with the case where Γ 1 = D n , Γ 2 = Trivial. For this family of dual theories, we perform the computation for the k = 1 case first and then present the case of generic k > 1. As we demonstrate below, proving the equality of partition functions for dual theories in the latter case requires using the identity in equation (95) as described in the Appendix.
k = 1 Case
The dual theories, in this case, are as follows:
n−3 gauge theory with the matter content given by an extended D n quiver diagram. One of the U (1) factors (labeled as U (1) 1 ) has a single fundamental hyper.
B-model: Sp(1) gauge theory with n fundamental hypers and one additional hyper that transforms as a singlet of Sp (1) .
The partition functions of the two quiver gauge theories can be directly computed as follows:
Note that the mass dependence of the partition function Z A can be removed by simply shifting the integration variables {σ α }, {σ i β } by constants. One can, therefore, ignore the masses in Z A for the proof of the duality, which is consistent with the fact that the mirror dual of the A-model does not have any FI parameters.
The dimensions of the Coulomb branches and the Higgs branches of the dual models, as well as the number of FI and mass parameters in each case are summarized in table 4.1. 
To prove the equality of the two partition functions and derive the mirror map, we "integrate out" the nodes σ 2 and σ 4 , in a manner described in the Appendix. The partition function reduces to :
On using Cauchy's determinant formula and Fourier transforming, we get
where we have suppressed the constant pre-factors in the formula for Z A . On integrating out σ α ,σ β , the resulting δ-functions impose the following conditions on the remaining variables:
Now, one can integrate over all the variables other thanτ i 1 , noting that all but one of the permutations {ρ β } can be trivialized, giving rise to a multiplicative factor of (2!) n−5 in the integrand. Redefining σ i =τ i 1 , we have,
Changing variables to σ i → σ i −(η 1 +η 2 )/2−η 1 , and noting that the first term in parenthesis needs to be antisymmetric under the exchange σ 1 ↔ σ 2 , the above expression reduces to
The above partition function can be immediately re-written as,
which proves that Z A = Z B , as we had expected, provided the FI parameters of the Amodel are related to the masses of the B-model in a particular way, which can be read off by comparing the two partition functions.
Mirror Map: The number of independent mass parameters in the A-model is zero, which matches with the number of FI parameters in the B-model. The number of independent FI parameters in the A-model is (n + 1) which again matches with number of independent mass parameters of the B-model. The B-model masses are related to the A-model FI parameters. Then masses of the fundamental hypermultiplets are given by
where β = 1, 2, .., n − 3. The mass of the hypermultiplet which is a singlet under Sp (1) is given by
The mirror dual theories, in this case, are:
n−3 gauge theory with the matter content given by an extended D n quiver diagram. One of the U (k) factors has one fundamental hyper.
B-model: Sp(k) gauge theory with n fundamental hypers and one hyper in the antisymmetric representation of Sp(k).
The dimensions of the Coulomb branches and the Higgs branches of the dual models, as well as the number of FI and mass parameters in each case are summarized in table 4.2. 
To show that the two partition functions given above describe the same theory in the IR and to derive the corresponding mirror map, we start with the A-model. As in the k = 1 case described in the previous sub-section, we "integrate out" the nodes corresponding to σ 2 and σ 4 . This reduces Z A to :
Note that since the σ i 2 -independent part of the integrand is symmetric inσ p 1 , the symmetrization operation in terms ofσ On using Cauchy's determinant formula and Fourier transforming, we get
where we have suppressed the constant pre-factors in the formula for Z A . From equation (21), it is clear that the masses of the bifundamental hypers and that of the fundamental hyper can be eliminated by simply shifting the variables {σ α }, {σ β } by constants. This shows that Z A is only a function of the FI parameters. Therefore, we set to zero all the mass terms in what follows.
On integrating out σ α ,σ β , the resulting δ-functions impose the following conditions on the remaining variables:
Next, we integrate out all the variables other thanτ p 1 using the δ-function conditions. Note that all of four permutations {ρ α } and all but one of the n − 4 permutationsρ β can be trivialized and this implies multiplying the integrand by a factor of (k!)
where m = η 4 +η 2 +η 3 + ..... +η n−3 , m =η 2 +η 3 + ..... +η n−3 , M = η 3 + η 4 + 2(η 2 + .... + η n−3 ). Note that the RHS of the above equation is completely independent of the A-model fundamental masses. This is expected since the number of independent mass parameters of the A-model is zero, thereby matching the number of FI parameters in the B-model. The last term in parenthesis in the above equation can be evaluated using an identity which involves a generalization of Schur's Pfaffian identity. As described in the Appendix (equation (95)), one has the following identity:
with κ = 1 for even k = 4m and odd k = 4m + 1 (m = 1, 2, 3, ...) and κ = −1 otherwise. Therefore, using the above identity, we have
On anti-symmetrizing the first term in parenthesis under the exchange σ i ↔ σ k+i (which brings in a factor of 2 −k in the integrand), we have,
k(k−1)/2 and the factor κ cancel each other for any k.
Therefore, taking into account all the combinatorial pre-factors, we have
which is identical to the partition function given in equation (22). Therefore, Z A = Z B , provided the FI parameters in the A model are related to the masses in the B model. The corresponding mirror map is read off by comparing the two partition functions, as before.
Mirror Map: The number of independent mass parameters in the A-model is zero, which matches with the number of FI parameters in the B-model. The number of independent FI parameters in the A-model is (n + 1) which again matches with number of independent mass parameters of the B-model. The B-model masses are related to the A-model FI parameters; the fundamental masses are given by
where β = 1, 2, .., n − 3. The mass of the antisymmetric hypermultiplet is given by
There are four important families of dual pairs in this category. The A-model for each of these families is a D n quiver with {n i } fundamental hypers, such that i n i l i = 2, where l i is the Dynkin label of the i-th node in a D n quiver. Therefore, A-models for the four families differ only in the distribution of the fundamental hypers on the quiver but their mirror duals can be significantly different from each other. The four cases are labeled by the manifest flavor symmetry groups (due to fundamental hypers) of the dual pairs -G A f lavor and G B f lavor . For the A-model, the number in the subscript of an "unprimed" flavor symmetry group indicates which of the boundary nodes have the two fundamental hypers, while for a "primed" flavor symmetry group it specifies which interior node of the D n quiver contains the single fundamental hyper. The partition functions for the dual theories are as follows:
G
Note that the number of independent mass parameters in the A-model -after taking into account the Z 2 discrete gauge symmetry (which imposes m 1 = m 2 , η 1 = η 2 on the one hand and m 3 = m 4 , η 3 = η 4 on the other, in addition to the two fundamental hypers having equal masses ) -is zero. One can see this directly, from the partition function of A, by shifting the variables {σ α }, {σ β } by constants. This matches the number of FI parameters in the B-model.
The number of independent FI parameters in the A-model is (n − 3) + 2 = n − 1, after taking into account the Z 2 discrete gauge symmetry. As we will see, this again matches the total number of mass parameters in the B-model.
The dimensions of the Coulomb branches and the Higgs branches of the dual models, as well as the number of FI and mass parameters in each case are summarized in table 5.1. To show the equality of Z A and Z B , one uses a "doubling trick" for the two boundaries of the quiver A: defineσ can now be re-written as,
As described in the appendix, the terms in parenthesis (which can be thought of as boundary contributions from a Type IIB perspective), can be re-written, using equations (94),(104), as follows:
The boundary term involvingσ p n−2 can be re-written in precisely the same way. Therefore, introducing auxiliary variables through Fourier transformations and using the identity (93), Z A can be expressed as,
Note that we have introduced an extra pair of (σ,τ ) variables in the above action, such that we have n pairs of variables (σ β ,τ β ) as opposed to n − 1 such pairs in equation (36). The FI parameters {ζ β } are related to the original ones as ζ 0 = 0, ζ 1 = η 1 = η 2 , ζ β =η β−1 (β = 2, 3, ..., n − 2), ζ n−1 = η 3 = η 4 . Next, we integrate out the variables {σ β } and use the resulting δ-function conditions to integrate out n − 3 of the variables {τ β }, thereby trivializing n − 3 sums over permutations.
The integrand therefore gets a multiplicative factor (2k!) n−3 .
where η = n−3 β=1η β . While ρ and ρ are permutations over k objects, ρ 0 andρ are permutations over 2k objects. Now, redefiningτ
0 , one can see that all but one of the permutations can be trivialized by change of variables -the one that survives is a permutation of 2k objects. The integrand, as a result, gets a multiplicative factor of (k!) 2 2k!. Therefore, Z A is reduced to,
where we have defined η β = β i=1η i for β = 1, 2, ..., n − 3(after a relabeling of the A-model FI parameters asη β →η n−β−2 ) and η n−3 = 0. The mirror map can now be obtained by comparing the parameters (FI parameters on one side and masses on the other) in the two expressions.
Mirror Map: The bi-fundamental mass in the B-model is related to the FI parameters of the A-model as follows:
The fundamental mass associated with the Sp(k) 1 gauge factor is zero. One of the fundamental masses associated with Sp(k) 2 is also zero. The remaining n − 2 non-zero fundamental masses are given by
The mirror dual theories in this case:
gauge theory with bi-fundamental matter content given by an extended D n quiver diagram. U (k) 4 has 2 fundamental hypers with equal masses.
B-model:
The gauge group consists of 2k copies of SU (2) -k of which have n fundamental hypers each, while the other k SU (2)s have 2 fundamental hypers each.The k sets of n hypers have the same n independent masses, while the k sets of 2 fundamental hypers are all massless. For this family of dual pairs, we work out the equality of the partition functions explicitly for the case k = 1. The generalization of the proof to k > 1 theories is straightforward; therefore, we simply state the mirror map in this case.
For k = 1, the mirror dual theories have the following partition functions:
In the partition function of the A-model, all bi-fundamental masses (and one of the fundamental masses) can be set to zero by shifting integration variables by constants. Therefore, in addition to the FI parameters, it is sufficient to consider Z A as an explicit function of only the difference of the two fundamental masses. We later show that the masses have to be the same for the proposed duality to hold, which naturally implies that Z A does not depend on any of the mass parameters. Also, one needs to impose the following condition on the FI parameters of the A-model :
β=1η β = 0, for the duality to hold. The counting evidence for the duality is summarized in table 5.2. To prove the proposed duality, we consider the partition function Z A and "integrate out" the two nodes corresponding to the variables σ 2 and σ 4 , we get,
On using Cauchy's determinant formula (equation (93)) and Fourier transforming, we get
where we have suppressed the constant pre-factors in the formula for Z A . On integrating over σ 1 andσ i 1 , we respectively obtain the following δ-function conditions: (51)- (53) and (49) would imply,
In the last equation, we imposed the condition 4 α=1 η α +2 n−3 β=1η β = 0 on the FI parameters of the A-model. This reduces the total number of independent FI parameters in the A-model to n, as noted in table 5.3. Therefore, imposing the δ-function conditions and trivializing appropriate sums over permutations as before, Z A reduces to
Finally, summing over the permutations using equation (93), we obtain
The duality holds only if the two fundamental masses for the A-model are equal to each other, which, in turn, implies that the A-model does not have any independent mass parameters. This is expected since the B-model does not have any FI parameters.
Mirror Map: The mirror map, relating FI parameters of the A-model to the mass parameters of the B-model, can now be obtained by comparing the parameters appearing in the two formulae. The n fundamental masses for the first SU(2)s are given by
The 2 fundamental hypers of the second SU(2)s are massless.
For k > 1, one has k copies of n hypers transforming in the fundamental of k different SU (2)s and another k copies of 2 hypers transforming in the fundamental of another set of k SU (2)s. The k copies of n hypers have the same set of masses while the k copies of 2 hypers are all massless, so that we still have n independent mass parameters in the B-model to match the n independent FI parameters of the A-model. The mirror map for the case of general k is exactly the same as in the k = 1 case.
G
gauge theory with bi-fundamental matter content given by an extended D n quiver diagram. U (k) 1 and U (k) 3 gauge groups have one fundamental hyper each.
B-model: U (2k) gauge theory with n fundamental hypers and two hypers in the antisymmetric representation of U (2k). For k = 1, the U (2) gauge theory has n fundamental hypers and two hypers which are singlets of the gauge group. In this subsection, we present the computation for the generic k > 1 case; the special case of k = 1 can be handled in a similar fashion. 
All the bi-fundamental masses in Z A can be set to zero by shifting integration variables by appropriate constants, as before. In addition, one can get rid of one of the fundamental masses, which shows that the total number of independent mass parameters in the A-model is one. However, in the following computation, we retain both fundamental masses -m The counting evidence for the duality summarized in table 5.3. To begin with, we "integrate out" the variables σ 2 and σ 4 corresponding to the U (k) nodes which do not have any fundamental hyper. The partition function of the A model can then be written as,
As in previous cases, one can introduce auxiliary variables through Fourier transformations in the action such that
Integrating over the variables {σ 
The masses for hypers in the anti-symmetric representation of U (2k) are given by
The number of independent mass parameters in the A-model, therefore, matches the number of FI parameters in the B-model; the only FI parameter is related to the difference of the two fundamental masses in the A-model. The number of independent FI parameters in the A-model is n+1, which again matches the number non-zero mass parameters in the B-model, as expected.
gauge theory with bi-fundamental matter content given by an extended D n quiver diagram. There is one fundamental hyper associated to U (2k) α where 1 ≤ α ≤ n − 3.The masses and the FI parameters respect the Z 2 outer-automorphism symmetry of the extended D n quiver, as in Case 1. 
The counting evidence for the duality is summarized in table 5.4. Table 5 .4: The dimension of the Coulomb and Higgs branches and the number of mass and FI parameters of A and B models for the M-theory background C 2 /D n × C 2 /Z 2 with generic k for Case 4.
On using the "doubling trick" (as described in §5.1 for Case 1), introducing a set of auxiliary variables via Fourier transform and using the identity (93), Z A can be expressed as,
where we have definedσ
) and the FI parameters {ζ β } as
On integrating over the variables {σ β } and imposing the resulting δ-function conditions, one can reduce partition function to the following form, 
The bi-fundamental mass parameter is given by
Therefore, the number of independent FI parameters in the A-model-(n − 3) + 2 = n − 1 -matches the number of non-zero independent mass parameters in the B-model, as expected.
For this class of dual theories, we discuss the case of a particular family of dual theories which was addressed in [9] . The computation proceeds on the lines of Case 1 in §5.1. We briefly review the results here. The dual theories, in this case, are:
2 gauge theory with bi-fundamental hypers and two sets of s hypers in the fundamental of U (k) 1 and U (k) 2 respectively ( figure 8 (a) ). The masses and the FI parameters respect the Z 2 outer-automorphism symmetry of the extended D n quiver.
s−1 × Sp(k) with bi-fundamental hypers and (n − 1) hypers in the fundamental of Sp(k) 1 and one hyper in the fundamental of Sp(k) 2 ( figure 8 (b) ). As explained in [9] , the total number of independent mass parameters in the A-model is (s − 1) which precisely matches the number of FI parameters in the B-model. Also, the number of independent FI parameters in the A-model is (n − 1) (the FI parameters for U (k) 1 and U (k) 2 are equal, same is true for U (k) 3 and U (k) 4 ) which again matches with the number of independent mass parameters in the B-model -(n − 2) fundamental masses and one bifundamental mass.
The dimensions of the Coulomb and the Higgs branches of the dual theories, and the number of masses and FI parameters of each, are summarized in table 6.1. Mirror Map: The (s − 1) FI parameters of the B-model can be expressed in terms of the fundamental masses of the A-model as follows:
The n − 1 independent mass parameters of the B-model can also be expressed in terms of the FI parameters of the A-model. The only non-zero bifundamental mass is given by
where the primed parameters are associated with the U (2k) nodes while the unprimed parameters are associated with the U (k) nodes of the A model. The fundamental masses, as functions of the A-model FI parameters, are given by
An interesting example of a family of dual pairs in this category is as follows: As in the example with m even, the masses of the fundamental hypers of U (k) 1 and U (k) 2 are pair-wise equal. Also the bifundamental masses associated with these nodes are also taken to be equal, i.e. m 1 = m 2 . The FI parameters associated with U (k) 1 and U (k) 2 are also equal, i.e. η 1 = η 2 . Therefore, the total number of independent FI parameters in the A-model is (n − 3) + 2 + 1 = n. Also, by appropriately shifting the integration variables by constants, one can set all the bi-fundamental masses and one of the fundamental masses to zero. Therefore, the total number of independent mass parameters in the A-model is s.
The partition function of the B-model is:
The number of independent FI parameters in the B-model is evidently s. By suitably shifting the integration variables by constants in Z B , one can check that the number of mass parameters is n. We summarize the counting evidence for the duality in table 7.1. To show that the above partition functions correspond to mirror dual theories, we apply the "doubling trick" for the boundary nodes U (k) 1 and U (k) 2 and "integrate out" the node 
where in the last step we have used the result of equation (94). On the other boundary, we "integrate out" the node corresponding to σ 4 as before. This reduces Z A to,
where we have explicitly set the bi-fundamental masses to zero. Now, on using Cauchy's determinant formula and Fourier transforming, we get
where we have suppressed the constant pre-factors as before. In the above equation,
Integrating over the variables z a , x andσ β , the δ-functions impose the following conditions on the remaining variables, 
The bi-fundamental masses of model B are all zero. The fundamental masses of model B are obtained in terms of the FI parameters of model A:
Finally, the mass of the antisymmetric tensor hypermultiplet is given by
where ρ is a permutation of the set {1, 2, ..., k − 1, k} and i, j = 1, 2, 3, ..., k.
A related version of the identity (proved in the next subsection) which plays a crucial role in proving mirror symmetry for dual theories associated to D-type ALEs in the M-theory picture ( resulting in the appearance of orbifold/orientifold 5-planes on the boundary of the compact direction wrapped by the D3 branes) is:
In cases involving D-type ALEs, one encounters more complicated identities, which can be derived from certain generalizations of the Schur's Pfaffian identity. An important identity that we encounter in the case of dual theories coming from the M-theory background
where ρ now denotes the set of all permutations of the integers {1, 2, ...., k, k+1, ..., 2k−1, 2k} with p, l = 1, 2, .., 2k and i, j = 1, 2, ..., k. The constant κ depends on k : κ = 1 for even k = 4m and odd k = 4m + 1 (m = 1, 2, 3, ...) and κ = −1 otherwise.
The last equality simply uses the Pfaffian identity given in equation (92). We prove this identity in the next subsection.
A.2. Proof of the Identities
Let us consider the identity (94) first. A simple generalization of the Cauchy determinant formula (see, for example, equation (15) of [12] ) is:
Substituting u i = e 2x i ,v i = e 2y i and multiplying the numerator and the denominator by the factor e − i<j (x i +x j ) e − i<j (y i +y j ) e − i (x i +y i ) , we have,
On the other hand, the determinant can be rewritten as, 
On equating the two sides in (96), one arrives at the desired identity. Now, we prove the identity (95), which , as indicated above, is related to a particular form of Schur's Pfaffian identity. The LHS of identity (95) 
where ρ 1 denotes a subset of the permutations which produce inequivalent variations of the term
while ρ 2 is the set of all possible permutations x ρ 1 (i) ↔ x ρ 1 (k+i) for a given ρ 1 . In other words, ρ 1 corresponds to the set of distinct ways in which one can form k pairs from the set of 2k integers while ρ 2 , for a given choice of k pairs, corresponds to the set of all possible permutations involving exchanges within each of those k pairs. The number of ways in which k pairs can be drawn from the set of 2k integers is (102) where, for the final equality, we have used the generalized Pfaffian identity given in equation (92).
A.3. Useful Fourier Transforms
There are two useful fourier transforms used in manipulating the partition functions. One of them is the transform of the hyperbolic secant:
The other transform which is extremely useful for manipulating boundary contributions in theories with orbifold 5-planes is that hyperbolic cosec: (105) where {m p } (p = 1, 2, ..., N f ) are the masses and η is the FI parameter. The symbol | {m j } denotes symmetrization w.r.t. the masses m j (see [4] and Appendix A), with j = 1, 2, ..., N c .
In a given quiver, consider a boundary node corresponding to a gauge group U (k) with a fundamental hyper that also transforms in the fundamental of a gauge group of rank 2k. Let {σ i } = diag(σ 1 , σ 2 , ...., σ k ) denote an element in the Cartan of U (k) and {σ p } = diag(σ 1 ,σ 2 , ....,σ 2k ) denote an element in the Cartan of U (2k). Let Z[σ] be the σ-dependent part of the partition function of the quiver on 
"Integrating out a node" in a quiver will therefore be equivalent to inserting a function like above in the integrand for the S 3 partition function. If the rest of the integrand is symmetric in {σ p }, then the integral automatically picks out the symmetric part of the function and as such the symmetrization operation is redundant.
